Abstract. The Brauer-Witt Theorem states that every Schur algebra over a field K is Brauer equivalent to a cyclotomic algebra. A central conjecture on the projective Schur group of a field is the analogue of this theorem, which asserts that every projective Schur algebra over a field K is Brauer equivalent to a radical algebra. The conjecture is so far known to be true in characteristic p and for local and global fields. The next natural class of fields to test is power series fields over local and global fields. In this paper we verify the conjecture for these fields and more generally for iterated power series fields over local and global fields.
Introduction
Let K be a field, Br(K) its Brauer group. The projective Schur group P S(K) of K is the subgroup of Br(K) consisting of classes represented by a projective Schur algebra over K, i.e. a finite dimensional central simple K-algebra A which is spanned as a vector space over K by a subgroup Γ of the group A * of invertible elements of A which is finite modulo K * , i.e. ΓK * /K * is finite. In this case we write A = K(Γ). For example, symbol algebras are projective Schur algebras. Indeed, let A = (a, b) n be the symbol algebra generated by x and y subject to the relations x n = a ∈ K * , y n = b ∈ K * , yx = ζ n xy, where ζ n ∈ K * is a primitive n-th root of unity. It is easy to see that Γ = < x, y > spans A as a K−vector space and K * Γ/K * ∼ = Z/nZ × Z/nZ. In particular, K * Γ/K * is a finite group. It follows from the Merkurev-Suslin theorem that if K contains the nth roots of unity, then P S(K) contains the n-torsion subgroup of Br(K).
The most general examples known of projective Schur algebras (modulo Brauer equivalence) are the radical algebras, i.e. crossed products A = (L/K, G, α) with G = G(L/K) and L a Galois radical extension of K, i.e. L = K(T ), where T is a subgroup of L * such that T /K * is finite, and furthermore α ∈ H 2 (G, L * ) has a representative 2-cocycle with values in T . If {u g : g ∈ G} is a system of representatives of G which span A over L, then the subgroup Γ of A have conjectured [2, 4] that every projective Schur algebra over K is Brauer equivalent to a radical (even abelian, i.e. L/K abelian) algebra over K, for every field K. This is the analogue of the Brauer-Witt theorem on Schur algebras. What this conjecture does is to provide a nice cohomological description of P S(K). It is equivalent to the statement that P S(K) is the image of the canonical cohomology map
where T s is the subgroup of K * s consisting of all elements having finite order modulo K * . This conjecture was proved for char(K) = 0 in [5] , where the main ingredient in the proof is that every element in P S(K) (in any characteristic) has the exponent reduction property [5] : if [A] ∈ P S(K) and res
[A] has order n, then K contains the nth roots of unity. In [5] it was proved that if char(K) = 0, and [A] ∈ Br(K) has the exponent reduction property, then A is Brauer equivalent to a radical abelian algebra, proving the conjecture for fields of characteristic not zero.
In characteristic zero, the exponent reduction property for an element [A] ∈ Br(K) does not imply [A] ∈ P S(K). An example is given below. In characteristic zero the conjecture has been proved for local and global fields [8] . In this paper we prove the conjecture for iterated power series fields over local and global fields of characteristic zero. 
Projective Schur algebras and radical abelian algebras
Proof. For any intermediate field E between F and F ab let X(E) := Hom(G(E/F ), Q/Z)), the (continuous) character group of G(E/F ), which can be identified with the subgroup of X(F ab ) = Hom(G(F ab /F ), Q/Z) consisting of all characters of G(F ab /F ) which vanish on G(F ab /E). By (infinite) Galois theory and duality, E → X(E) is a one to one correspondence between intermediate fields E and subgroups of X(F ab ). Hence for any two intermediate fields E, E , we have
As in earlier results on projective Schur algebras, splitting fields play a crucial role. Let k radab denote the maximal radical abelian extension of k. k radab is the composite of the maximal cyclotomic extension of k and the maximal 
Proof. ⊇ is obvious. For the opposite inclusion, let F cyc , F kum denote the maximal cyclotomic and Kummer extensions of a field F , respectively. Clearly
By Lemma 2.1,
This reduces the proof to showing that
. This is clear. Proof. Let A = K(Γ) be a projective Schur algebra over K, Γ finite modulo K * . By [2] we may assume A reduced, i.e., for every subgroup H of Γ with Γ ⊆ H ⊆ Γ (Γ is the commutator subgroup of Γ), the subalgebra K(H) is simple. Consider the family of such subgroups H having the additional properties that the center of K(H) is contained in (the constant extension) k radab K and that k radab K splits K(H). To show that this family is nonempty, we claim that H = Γ is a member of this family. This claim follows from the Brauer splitting theorem by a standard argument, which we will give here for the benefit of the reader. Indeed, since Γ is center-by-finite, Γ is finite [10, p. 443] , and K(Γ ) is a homomorphic image of the group algebra KΓ , hence a homomorphic image of KΓ := KΓ /rad(KΓ ). The Brauer splitting theorem [7, pp. 385,418] says that there exists a cyclotomic extension E of K which splits KΓ , i.e. KΓ ⊗ K E ∼ = i∈I M r i (E), a direct sum of matrix algebras over E. On the other hand, KΓ is a direct sum of simple algebras:
the one hand, and on the other hand,
where F E denotes the composite of F and E in an algebraic closure of K. (Note that F is Galois (even abelian) over K by [2, Lemma 2.2], and so is E, being a cyclotomic extension of K.) It follows that F ⊆ E and E splits K(Γ ). Now E, being a cyclotomic extension of K, is contained in k radab K, proving that Γ is a member of the family.
Let H be a subgroup of Γ in this family.
By definition, Γ/Ĥ acts faithfully on L and the fixed subfield is K = Z(K(Γ)). It follows that L/K is Galois with group ∼ = Γ/Ĥ. Since Γ acts also onL ⊇ L, the kernel of this action ⊆Ĥ. On the other hand,Ĥ acts trivially onL by definition, so Γ/Ĥ acts faithfully onL as well, with fixed field K, soL/K is also Galois with group Γ/Ĥ. It now follows from L ⊆L that L =L, proving the claim.
To complete the proof of Theorem 2.3, it therefore suffices to prove that K(Ĥ) is split by k radab K for some H in the family. Now assume that K(H) is maximal in the family. We will prove that K(Ĥ) = K(H), which gives the desired result. By the Factorization Lemma [5, Lemma 2.6], since
is abelian, we may write it as a direct product of cyclic groups of prime power order. Fix one of these primes p and write the p-primary component of T /L *
, and we have λ ij = g 
Since B is a simple algebra by the reduction assumption, L(x) is a field. We want to show that x can be chosen so that L(x) is contained in k radab K. Now Γ acts on H, h by conjugation ( H, h contains Γ ) , hence on B, hence on its center L(x), with fixed field K. In particular, L(x) is Galois over K. Since H 1 := H, h is finite mod K * , we have by [3 
is split by k radab K. This would put B in the family defined above, contradicting the maximality of K(H), which would complete the proof.
First consider
is a constant extension of L, so we take x = x 1 and we are done. 
). We therefore take x = x −k 1 x 2 and we are done. In what follows, we will use the notation Br(k) to denote Br(k) if char(k) = 0 and the subgroup of Br(k) consisting of all elements of order prime to char(k) if char(k) = 0. We define P S(k) in the same way. Proof. Let us give here a short proof using the explicit description of projective Schur classes over fields of positive characteristic. (A more elementary but longer proof can be given too.) By [5] , the element β is represented by products of symbol algebras and at most one crossed product (L/F, C, a) where L/F is cyclotomic (and hence cyclic), a ∈ F * . Now symbol algebras are twisted group algebras F α (Z/nZ×Z/nZ) and since the symbol algebra construction requires the presence of primitive n th roots of unity in k, it follows that n is prime to p. In particular each symbol is a p -algebra, i.e. an algebra of exponent prime to p. Let β 0 be the element in P S(F ) represented by (L/F, C, a). Note that since β is of p order (i.e. of order prime to p), β 0 is of p order as well. We need to show that β 0 is represented by a projective Schur algebra F (T ), where T /F * is of p order. To see this observe that the maximal (cyclic) subextension
Lemma 2.5. Let F be any field of characteristic p > 0 and let β ∈ P S(F
, which also represents β 0 , is isomorphic to F (T ), where T /F * is a homomorphic image of a group of p order, namely a semidirect product of ζ 0 and C 0 , where ζ 0 is a root of unity such that L 0 = F (ζ 0 ). Finally, in the tensor product of (L 0 /F, C, a) with the symbol algebras we can easily find a spanning group Γ whose order modulo F * is p .
Proposition 2.6. Let k be any field, k((t)) the power series field. Suppose α ∈ Br(k) and res k k((t)) (α) ∈ P S(k((t))) . Then α ∈ P S(k) . Proof. Let R = k((t))(Γ) be a projective Schur algebra representing res k k((t)) (α).
The group Γ spans R as a vector space over k((t)) and is finite modulo k((t)) * . By Lemma 2.5, we may assume that k((t)) * Γ/k((t)) * is of order prime to p = char(k) if char(k) = 0. Consider the central extension
) the associated cohomology class. This gives a surjective k((t))-algebra homomorphism
where k((t)) z G denotes the twisted group algebra. By the Universal Coefficient Theorem there is a split exact sequence
where inf denotes the inflation map and M (G) denotes the Schur multiplicator H 2 (G, Z) of G. Since the sequence splits, the element z can be written as
Moreover it is known that the splitting is natural with re- ). This immediately reduces to the case G ab cyclic of order n, in which
We use the structure of the units of k((t)):
where U 1 denotes the group of 1-units. Since U n 1 = U 1 for any positive integer n prime to p, we have for any such n,
Taking n = exp(G ab ) and passing to the larger field k((
If k is perfect, then
Proof. 
where G k is the absolute Galois group of the field k. Let us describe the isomorphism: an element in Br(k) gives an element in Br(k((t))) simply by tensoring with k((t))
The character ψ corresponds to the cyclic algebra (l((t))/k((t)), σ, t).
Clearly the image of P S(k((t))) under this isomorphism (which we will identify with
P S(k((t)) ) contains P S(k) ⊕ Hom(G(k radab /k), Q/Z) . In the opposite direction, let [A] ∈ Br(k) , ψ ∈ Hom(G k , Q/Z) with res k k((t)) [A] ⊕ ψ ∈ P S(k((t))) . By Theorem 2.3, res k((t)) k radab k((t)) (res k k((t)) [A] ⊕ ψ) = 0.
Now since k radab k((t))/k((t)) is a constant extension, res k((t))
k radab k((t)) preserves the direct sum:
But res
since a character ψ is split by a constant extension lk((t)) if and only if the cyclic extension defining ψ is contained in l. In particular, ψ ∈ P S(k((t))) . Therefore res
By Proposition 2.6, [A] ∈ P S(k) . This proves 1.
2. We may assume char(k) = p = 0 and we need only prove the assertion for the p-primary components. By Witt's theorem [11, p. 186] ,
Since the p-power map is an automorphism of k (k is perfect of characteristic p),
Note. Theorem 2.7 is used to prove [6, Theorem 1.2]. We take this opportunity to point out that the use of Theorem 2.7 in [6] as it stands is valid only in characteristic zero. However it is easy to modify the proof and the use of Theorem 2.7 for characterictic p.
As mentioned in the introduction, for fields K of characteristic not zero, every element of P S(K) is represented by a radical abelian algebra. We now have the following result for characteristic zero.
Corollary 2.8. Let k be a field of characteristic zero, k((t)) the formal power series field. If every element of P S(k) is represented by a radical (resp. radical abelian) algebra, then the same holds for P S(k((t))).
Proof. Clearly every element of Hom(G(k radab /k), Q/Z) is represented by a radical abelian algebra. Hence if every element of P S(k) is represented by a radical (resp. radical abelian) algebra, then so is every element of P S (k((t)) ) by the preceding theorem, in view of the fact that the tensor product of radical (resp. radical abelian) algebras is Brauer equivalent to a radical (resp. radical abelian) algebra.
Theorem 2.9. If k is a local field or a global field, then every projective Schur algebra over an iterated power series field k((t 1 )) · · · ((t n )) is Brauer equivalent to a radical abelian algebra.
Proof. If char (k) = 0, the result follows immediately from the preceding corollary. If char(k) = 0, the result holds because (as mentioned above) it holds for any field of characteristic not zero [5] .
Exponent reduction
If K is any field, then as in the introduction, P S(K) ⊆ ER(K), where ER(K) is the subgroup of Br(K) consisting of classes with the exponent reduction property. As an application of Theorem 2.3 above, we will give an example of P
S(K) = ER(K).
On the other hand, P S(K) = ER(K) if char(K) = 0 [5] . 
